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Foreword
This lecture note is designed to recap the background knowledge for new students in the Master

of Science Program in Applied Mathematics at KMUTT. This note together with another Linear Al-
gebra note should include the necessary credentials to persue the Functional Analysis and Application
course. – Welcome to KMUTT.
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§ 1. Introduction

Understanding general topology is the key to several modern areas in mathemat-
ics, especially in analysis and geometry. In the beginning, topology is the study of
geometric properties that do not based on measurements (e.g. length, angle, distance,
etc.). Rather, it focuses on the properties like continuity, connectedness, having or not
having boundary, an so on. Notice that these properties do not change when the ob-
ject is bent, twisted, pushed, pulled, or more generally, transformed continuously. This
would exclude the discontinuous transformation like cutting or gluing. So we may say
that topological properties are those that do not change under a homeomorphism (a
continuous bijection that has a continuous inverse). In modern day, topology provides
a general schematic of concepts in abstract spaces which lays a firm foundation for
many areas of analysis.
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Most of the times, a topology can be determined by the geometry (which means
measurements). This is the territory governed by metric spaces and normed spaces
and they are usually quantifiable. Some other times, we might need to consider as well
the topologies that are not determined by geometry. This can be found mostly when
one works with infinite dimensional Banach spaces such as in the theory of differential
equations.

All these concepts require the notion of “nearness” without explicit need of having
a distance. The formal topological notion that expresses this idea is called an “open
set”. Any points within an open set is usually referes to as being “neighbors”. This
basic notion of an open set leads to gigantic discoveries of other topological concepts
and consequently to several different applications.

This lecture note will concentrate on the topology that emerged in metric and
normed spaces. We shall start with a brief introduction of general topology and quickly
move towards the metric topology. Hence, most of the definitions will be given in the
equivalent metric formulations.

§ 2. General topology

2.1 Topological spaces

Let us plainly start with the definition of a topological space and some of the
examples.

Definition 2.1. Let X be a nonempty set. A family T ⊆ 2X of subsets of X is called
a topology on X whenever the following properties hold:

1. ∅, X ∈ T .

2. If S ⊆ T , then
⋃

U∈S U belongs to T .

3. If U1, · · · , Uk ∈ T , then
⋂k

i=1 Ui belongs to T .

Moreover, the pair (X, T ) is called a topological space. Each elements in T is called
open set (with respect to T ).

Example 2.2.

1. Let X be any nonempty set. Then the power set 2X is a topology on X. This
topology is called a discrete topology.
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2. Let X be any nonempty set. Then the set {∅, X} is a topology on X. This
topology is called an indiscrete topology or a trivial topology.

3. Let X be a nonempty set with a ∈ X and T = {∅, {a}, X}. Then T is a
topology on X.

4. Let X = {a, b, c} and T = {∅, {a, c}, {a}, {c}, X}. Then T is a topology on X.

5. Let X = {a, b, c} and T = {∅, {a, b}, {c}, X}. Then T is a topology on X.

6. Let X = {a, b, c} and T = {∅, {a}, {c}, X}. Then T is not a topology on X.

7. Consider the real line R and the set T consisting of the empty set and all possible
unions of open intervals in R. Then T is a topology on R. We call this the usual
topology on R.

Notice that a topological space is based on any nonempty set with or without an
algebraic structure. Therefore, one cannot always with to do calculation like x+ y or
αx or x−1 in a topological space.

Definition 2.3. Let (X, T ) be a topological space. A subset C ⊆ X is said to be
closed if its complement in X, X \ C, is an open set.

A set is not a door. Hence a set that is not open needs not be closed and vice versa.
There are even sets that are neither open nor closed and that are simultaneously open
and closed.

Example 2.4.

1. Let (X, T ) be any topological space. Then ∅ and X are always simultaneously
open and closed. However they are trivial and are often of no interests.

2. Let X be any nonempty set equipped with the discrete topology. Then every
subset of X is both open and closed.

3. Let X be any nonempty set equipped with the indiscrete topology. Then every
proper subset of X is neither open nor closed.

4. Let X = {a, b, c} be equipped with a topology T = {∅, {a, c}, {a}, {c}, X}.
Then X, {b}, {b, c}, {a, b}, ∅ are all the closed subsets of X.
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5. Consider the real line R with the usual topology. Then all the closed intervals
[a, b] are closed. The intervals of the form (−∞, a] and [b,∞) are also closed.
On the other hand, the half-open intervals (a, b] and [a, b) with a, b 6= ±∞ are
neither open nor closed.

Now notice that there are many ways to define a topology on a single set. For
instance, we can use the discrete, indiscrete, or the usual topologies on the real line R.
Therefore it does make sense to compare two topologies on the same underlying set.

Definition 2.5. Let X be a nonempty set. Suppose that S and T are two topologies
on X. We say that S is weaker (or coarser) than T if S ⊆ T . If S is weaker than T ,
we also say that T is stronger (or finer) than S.

Example 2.6. On any nonempty set X, the indiscrete and discrete topologies are,
respectively, the weakest and the strongests topologies on X.

It is possible and the best to define every topological concepts from the general
topology framework. However, that would require lots of time to build up from scratch.
Therefore we would prefer, in this note, to develop the theory from the perspective of
a metric space.

§ 3. Metric spaces

3.1 Definition and examples

Virtually any set can be made into a metric space, but not always a useful one.
Basically, a metric space is a space with a distance between any two points. The
distance here should be understood as a quantification of the “difference” rather than
the distance that can be actually travelled. The quantification is so helpful in many
practical ways and it ease a lot of difficulties that may occur in general topological
spaces. Similar to a general topological space, a metric space does not require any
algebraic properties.

Definition 3.1. Let X be a nonempty set. A function d : X×X → [0,∞) is a metric
(or distance) on X if the following conditions are satisfied for any x, y, z ∈ X:

1. d(x, y) = 0 if and only if x = y.
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2. d(x, y) = d(y, x). (symmetry)

3. d(x, z) ≤ d(x, y) + d(y, z). (triangle inequality)

If d is a metric on X, then the pair (X, d) is called a metric space.

Listed in the following are some examples of a metric space.

Example 3.2.

1. Let X be any nonempty set. Then the function d : X ×X → [0,∞) defined by

d(x, y) :=

{
0 if x = y,
1 otherwise,

for x, y ∈ X, is a metric on X. This metric is called the discrete metric.

2. Let X = {a, b, c} and define d : X × X → [0,∞) by d(a, b) = d(b, a) := 2,
d(a, c) = d(c, a) := 1, d(b, c) = d(c, b) := 3, and d(a, a) = d(b, b) = d(c, c) := 0.
Then d is a metric on X.

3. In the previous example, if we redefine d(b, c) = d(c, b) := 4, then d is not a
metric on X.

4. The real line R can be equipped with the metric d(x, y) := |x−y| (for x, y ∈ R).
This metric is known as the usual metric.

There is a concept similar to a metric, but defined on a vector space, called a norm.

Definition 3.3. Let V be a vector space over the field F. The function ‖ · ‖ : V →
[0,∞) is called a norm on V if the following properties are satisfied for all x, y ∈ V
and all α ∈ F:

1. ‖x‖ = 0 if and only if x = 0.

2. ‖αx‖ = |α|‖x‖.

3. ‖x+ y‖ ≤ ‖x‖+ ‖y‖. (triangle inequality)

If ‖ · ‖ is a norm on V , then the pair (V, ‖ · ‖) is called a normed space.

Let us see some interesting examples of a normed space.
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Example 3.4.

1. Consider a Euclidean space Rn and let 1 ≤ p <∞. Then the function given by

‖x‖p :=

(
n∑

i=1

|xi|p
)1/p

,

for x = (x1, · · · , xn)> ∈ Rn, is a norm on Rn. This norm is known as the p-norm.
When p = 2, we often refer to ‖ · ‖2 as the Euclidean norm.

2. Also consider a Euclidean space Rn. Then the function given by

‖x‖∞ := max
1≤i≤n

|xi|,

for x = (x1, · · · , xn)> ∈ Rn, is a norm on Rn. This norm is known as the
∞-norm or the sup-norm or the max-norm.

3. Let C([0, 1],R) be the vector space of all continuous real functions defined on
[0, 1]. Then the function defined by

‖f‖ := max
x∈[0,1]

|f(x)|,

for f ∈ C([0, 1],R), is a norm. This norm is also known as the sup-norm.

4. Fix 1 ≤ p <∞. Consider the vector space `p of p-summable real sequences, i.e.,
the real sequence x = (x1, x2, · · · ) such that

∑∞
i=1 |xi|p <∞. Then the function

defined by

‖x‖p :=

( ∞∑
i=1

|xi|p
)1/p

,

for x = (x1, x2, · · · ) ∈ `p, is a norm on `p. This norm is known as the `p norm.

5. Consider the vector space `∞ of all bounded real sequences. Then the function
defined by

‖x‖∞ := sup
i∈N
|xi|,

for x = (x1, x2, · · · ) ∈ `∞, is a norm on `∞.

6. Let V and W be two vector spaces over the same field.

When a normed space (V, ‖ · ‖) is considered, we can always regard this as a metric
space as well through the following proposition.
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Proposition 3.5. If (V, ‖ · ‖) is a normed space, then the function d(x, y) := ‖x− y‖
(for x, y ∈ V ) is a metric on V . In particular, the metric defined in this way is called
the metric induced by ‖ · ‖.

3.2 Metric topology

In this section, we will introduce the topology induced from a metric function and
deduce the identification method of an open set using an open ball.

Always assume that (X, d) is a metric space in this section.

Definition 3.6. Let x ∈ X and r > 0. The open ball centered at x with radius r is
defined by

B(x, r) := {y ∈ X | d(x, y) < r}.
Likewise, the closed ball centered at x with raduius r is defined by

B(x, r) := {y ∈ X | d(x, y) ≤ r}.

Notice that B(x, r) depends on the choice of metric. So changing a metric function
on X will effects all the balls. It turns out that an open ball is the key to all topological
concepts in a metric space. Let us first show that a metric function induces a topology.

Proposition 3.7. Let Bd be the family consisting of all finite intersections of open
balls in X. Then the family Td of all (arbitrary) unions of sets from Bd is a topology
on X. The topology Td is known as the metric topology of (X, d).

We assume, unless specified otherwise, that every metric spaces in this note are
equipped with the corresponding metric topology.

Example 3.8. The metric topology generated from the usual metric on R coincides
with its usual topology.

Due to the construction of the metric topology, an open set is not easily observable
(as a union of finite intersetions of open balls). The next resut will help simplify the
process of proving that a particular set is open in a metric topology.

Definition 3.9. Let U ⊆ X be a nonempty set. A point x ∈ U is called an interior
point of U if there is r > 0 such that B(x, r) ⊆ U .
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Proposition 3.10. A nonempty subset U is open if and only if all of its elements are
interior points of U .

Example 3.11.

1. Let (X, d) be any metric space. Then every open balls are open sets.

2. Consider the real line R with the usual topology. Then the open infinite intervals
of the forms (−∞, a) and (b,∞) are open sets.

3. Consider the Euclidean space Rn with any p-norm (1 ≤ p ≤ ∞). Then the open
half-space, given for any fixed a ∈ Rn and b ∈ R by

H<(a, b) := {y ∈ Rn | a>y < b},

is an open set.

3.3 The 5Cs: Convergence, closedness, completeness, compactness and continuity

In this section, we also assume that (X, d) is a metric space unless stated otherwise.

We will discuss mainly about the convergence of sequences in a metric spaces and
its consequences. One will see that the convergence concept will be the dominating
concept in almost all studies of topology.

Definition 3.12. A sequence (xn) in X is convergent to its limit x ∈ X if for any
ε > 0, there exists N ∈ N such that d(x, xn) < ε for all n ∈ N with n ≥ N .

Proposition 3.13. Any sequence in a metric space is convergent to at most one point.

The sequence convergence comes in handy when the closedness of a given set is to
be verified.

Proposition 3.14. A subset C ⊆ X is closed if and only if it contains the limits of
every convergent sequence in C.

Let us now see some examples of closed sets and one may apply the above propo-
sition to verify their closedness.

Example 3.15.

1. Let (X, d) be any metric space. Then every closed balls are closed sets.
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2. Consider the real lineR with the usual topology. Then the closed infinite intervals
of the forms (−∞, a] and [b,∞) are open sets.

3. Consider the Euclidean space Rn with any p-norm (1 ≤ p ≤ ∞). Then the
closed half-space, given for any fixed a ∈ Rn and b ∈ R by

H≤(a, b) := {y ∈ Rn | a>y ≤ b},

is a closed set.

There is another type of sequences that are not convergence, but has a tendency
to be.

Definition 3.16. A sequence (xn) in X is said to be Cauchy if for any ε > 0, there
exists N > 0 such that d(xm, xn) < ε for all m,n ∈ N with m,n ≥ N .

Proposition 3.17. Every convergence sequences in a metric space is Cauchy.

The definition of a Cauchy sequence requires “all” the far enough terms to be
squeezed together, but not necessarily be convergent. The converse of the above propo-
sition is not always true. Whenever the converse is true, then that metric space is called
complete. If (V, ‖ · ‖) is a normed space whose induced metric is complete, then we say
that V is a Banach space.

Example 3.18.

1. The real line R equipped with the usual metric is complete.

2. The Euclidean space Rn equipped with any p-norm is a Banach space.

3. Every finite-dimensional normed spaces are Banach spaces.

4. The space C([0, 1],R) equipped with the sup-norm is a Banach space.

5. The space `p equipped with the `p norm is a Banach space.

6. Consider X = (0, 1] with the usual metric. Then the sequence given by xn := 1
n

for each n ∈ N is Cauchy but not convergent. Therefore, X is not a complete
metric space.

7. The vector space c00 of all real sequences that are eventually zero with the norm
‖x‖ = maxi∈N |xi| (for x = (x1, x2, · · · ) ∈ c00) is a normed space that is not
complete.
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Another topological concept that can be characterized nicely in a metric space
is the compactness. The original definition of a compact set in general topological
space would involves an open covering and subcoverings, and that can be tough to
implement. Here, we shall neglect the original compactness definition and just go with
the equivalent one in the following result.

Theorem 3.19. A subset K ⊆ X is compact if and only if every sequence in K has
a subsequence that is convergent with a limit in K.

We can have a further simplification for finite dimensional normed space. Let V be
a normed space, recall that a subset B ⊆ V is said to be bounded if supx∈B ‖x‖ <∞.

Theorem 3.20. If V is a finite-dimensional normed space, then a set K ⊆ V is
compact if and only if it is closed and bounded.

We also can characterize the continuity using sequence convergence.

Definition 3.21. Let (X, d) and (X ′, d′) be two metric spaces and let F : X → X ′

be a mapping. We say that F is continuous at x ∈ X if for any ε > 0, there exists
δ > 0 such that d′(F (x), F (y)) < ε whenever d(x, y) < δ. We simply say that F is
continuous if it is continuity at every points in X.

Proposition 3.22. A mapping F between two metric spaces (X, d) and (X ′, d′) is
continuous if and only if limy→x F (y) = F (x) for all x ∈ X.

3.4 Continuity and boundedness of linear operators

There is something special with the continuity of a linear operator. Suppose
throughout that (V, ‖ · ‖V ) and (W, ‖ · ‖W ) are two normed spaces.

Definition 3.23. A linear operator T : V → W is said to be bounded if there exists
a constant M > 0 such that ‖T (x)‖W ≤M‖x‖V for all x ∈ V .

Proposition 3.24. A linear operator T : V → W is continuous if and only if it is
bounded.

Proposition 3.25. The set B(V,W ) of all bounded linear operators from V into W
is a vector space.
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Let us now introduce a norm on the vector space B(V,W ). If T : V → W is a
bounded linear operator, then the linearity of T yields∥∥∥∥∥T

(
x

‖x‖V

)∥∥∥∥∥
W

≤M

for all x ∈ V . This can be equivalently stated as

sup
x∈SV

‖T (x)‖W ≤M,

where SV := {y ∈ V | ‖y‖V = 1} denotes the unit sphere. The quantity on the left-
hand-side of the above inequality has the properties of a norm on B(V,W ) and will
be denoted by ‖T‖B(V,W ). This norm is known as the operator norm on B(V,W ). It
is not necessarily a Banach space, depending only on the vector space W without any
effects from V .

Proposition 3.26. If W is a Banach space, then the space B(V,W ) is also a Banach
space under the operator norm.

Recall that any linear transformation between two finite dimensional vector spaces
can be equivalently viewed as a matrix. Taking into account the fact that matrix
multiplication is continuous (limy→xAy = Ax), every linear transformations between
finite-dimensional spaces are continuous.

Proposition 3.27. If V and W are both finite-dimensional with dim(V ) = n and
dim(W ) = m, then B(V,W ) =Mmn. In particular, the spaceMmn can be equipped
with the norm

‖A‖Mmn
:= sup

x∈SV

‖TA(x)‖W ,

which makes it a Banach space.

We end this lecture by defining the topological dual of a normed space and make it
into a Banach space. Note that this is essentially different from the algebraic duality,
which does not require the boundedness.

Definition 3.28. If V is a normed space over the field F, then its (topological) dual
space is the vector space V ∗ := B(V,F) equipped with the operator norm. We may
write the operator norm ‖ · ‖V ∗ rather than ‖ · ‖B(V,F) for a better understanding.
Elements in this
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Since the real field R is Banach space, the real dual space is always a Banach space
from Proposition 3.20. Moreover, we know that if V is a finite-dimensional normed
space, then V ∗ reduces toM1n = Rn. Similar techniqeus can be used to deduce the
same conclusion that V ∗ = Cn for finite-dimensional normed spaces over the complex
field.

Concluding remark

The elements introduced in this lecture is rather fluffy. This is because it can take
up the whole course (or courses!) to give a full and detailed discussion of topology.
The subject also require a deep insight into several areas of mathematics to be on top
of it.

Interested students should look up the textbooks listed in the References section
or beyond. Note that some topolotical treatments in normed spaces are more likely to
be found in functional analysis texts. They are also listed thereof.
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