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Scopes

The simple goal of these slides is present different approaches to transform (or relax) a
constrained optimization problem into an unconstrained one.
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Section 1

Direct substitution
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Direct substitution

In some problems, especially those with only equality constraints, we could substitute directly
the constraints into the objective function which effectively and completely removes the

constraints.

However, as we shall see right after, this approach is narrowly usable in practical problems.
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Direct substitution

The following is a typical situation where we could use the direct substitution technique

max Xy

X,y

st. x+2y=100.
One could simply substitute, using the constraint, that x = 100 — 2y into the objective
function. The optimization problem them becomes

max (100 —2y)y,
y

which is unconstrained.

Direct substitution
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Direct substitution

Let us add an additional difficulty to the problem to make it more realistic.

max xy

x.y

st. x+2y =100
x,y >0.

From the equality constraint, we still have x = 100 — 2y. However, to respect the
constraint x > 0, we need y < 50.
The problem is now reduced to

y

{ max  J(y) = (100 — 2y)y
st. 0<y<50.

Direct substitution
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Direct substitution

To further reduce it to an unconstrained problem, we need to take into account that
o J(y) > 0 for some 0 < x < 50. This means

>
rpeagJ(y) > OgﬁyaggoJ(y) >0 (1)

o J(y) <0 forall y <0 and all y >50. Complementing (1), we obtain

> .
max J(y) = 02X Jy)>0>J(z)  Vz¢]0,50]

This means the unconstrained maximizers of J would not occur outside of the constraint
interval [0,50] — there is no need to keep the constraint.

Finally we arrive at an equivalent unconstrained problem

max (100 —2y)y.
y
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Direct substitution

To conclude, the direct substitution is not widely usable in practice as one could notice that it
requires a lot of manual intervention and analysis even in a very simple case.

A bottom line is that we require a more systematic method to transform a constrained problem
into an unconstrained one.
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Section 2

Penelty method
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Penalty method

Consider the problem

min  J(x) (2a)
st. g(x)<0 j=1,...,r (2b)
he(x)=0 k=1,....¢. (2¢)

In the penalty method, instead of handling the problem (2) using constrained optimization, we
1. remove all the constraints, and

2. add penalization terms for the constraints that are not satisfied.
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Penalized problem

We call a function @ : R — R a penalization function if
o Q(0)=0, and
o Q(t) >0 for all t #£0.

The penalized problem now reads

min  J(x) +p <Z Q7 ( max{0, gj(x)}) + f: Q; (hk(x)>> 7 (3)
j=1 k=1

where Qf's and Qs are penalization functions, and p > 0 is the weight parameter.

By putting menalization terms, the solution does not favor a point x that produces high
penalty and try to stay within the constraint set. The constraint is respected more with a
higher parameter p.

One should expect that the solution of (3) converges to that of the original problem (2)
as p — +00.

However, it is important to note that a solution of the penalized problem may violate

constraints.
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Penalized problem
Two common penalization functions are

Q(t)=1t> and Q(t)=|t|.

Then, one may arrive at the following variants of penalized problems:

r L >
min J(x) + p (Z max{0,g()} + 3 (he(x) > ,

or more commonly,

min jp(x) =J(x)+p (Z (max{O gj(x ) + EZ: (hk > ) .
-1

In the latter one, we have

VJ,(x) = VJ(x) +2p (Z max{0, g;(x)}Vgj(x) + Z i (x)V i ( )) .

=t
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Section 3

Barrier method
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Problem scope

We consider the following problem, which only has inequality constraints.

{ min  J(x) (4a)
st. gi(x)<0 j=1,...,r. (4b)
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Barrier method

o The barrier method is somewhat similar to the penalty method in that it adds extra terms
to the objective function.

o The difference is that, in the barrier method, we add terms that penalize any point x that
gets too close to the boundary of the constraint set.

o This way, it is ensured that the solution never leaves the feasible region.

o The con of this method is obvious — it prevents one from reaching the solutions that lie at
the boundary of the feasible region.

o Another con is that the barrier method is not suitable to equality constraints.
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Barrier method

A function B : R~ — R is called a barrier function if
B(t) > +00 ast—0".

The problem (4) is then transformed into

r

min  J,(x) = J(x) +p Y _ Blgi(x)), (5)
Jj=1

where p > 0 is the weight parameter.
Note that VJ,(x) = VJ(x) + p 21, B'(g;(x))Veg;(x).

One should expect that the solution of (5) converges to that of the original problem (4)
as p — 0.
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Log-barrier function

A typical example is the log-barrier function

B(t) = —log(—t).

In this case, we have the following problem to solve

min  J,(x) = J(x) — pz log(—4g;j(x)) .

j=1

and we get

V() = VI(x) —p Vg?zg) .
=1 %

Barrier method
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Section 4

Examples

Examples 18 /28



Subsection 1

Toy examples
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Example

Let us illustrate the ideas of both penalty and barrier methods by first considering a very simple

example.
Example 1
Consider the following optimization problem
{ min  x? (6)
st. x>1. (M)

(a) Solve (6) using both penalty and barrier methods and compare both results with the exact
minimizer.

(b) Let p — oo in the penalty method and observe the results.

(c) Let p — 0% in the barrier method and observe the results.

Examples
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Example

Let us illustrate the ideas of both penalty and barrier methods by first considering a very simple

example.

Example 2

Consider the following optimization problem
min  x? + y? (8)
st. x+y>1. (9)

(a) Solve (6) using both penalty and barrier methods and compare both results with the exact
minimizer.

(b) Let p — oo in the penalty method and observe the results.

(c) Let p — 0% in the barrier method and observe the results.

Examples
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Example

Examples

Let us illustrate the ideas of both penalty and barrier methods by first considering a very simple
example.

Example 3

Consider the following optimization problem
min  x* + y? (10)
st. x+y=1. (11)

(a) Solve (6) using the penalty methods and compare the result with the exact minimizer.
(b) Let p — oo in the penalty method and observe the results.
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Subsection 2

Image denoising

Examples 23 /28



Image denoising

Examples

Let us formulate image denoising as a constrained optimization problem.
Suppose that a noisy observed grayscale image is Y € [0,1]™*". The goal is to find an
unknown true image X € [0, 1]™*" without noise.

The optimiztion problem of image denoising is formulated as

m—1 n m n—1
min - [|X — YIE+7 D) (K= X2+ D) (X — Xij)?
i—1 j=1 i—1 j—1

st. 0<X;; <1 foralli,j,

where 7 > 0 is the weight parameter.

Note that the Frobenius norm of a matrix U € R™*" is ||U||r = \/m
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Vectorization

Let us put
1 -1 0
0 1 -1
D, = .
0 O 1
Then
m—1 n

i

Examples

(m—1)xm

and D, =

m n—1

l+11 Ij = ||DmX||%: and Z Z i1 —
1 J:l

i=1 j=1

X =

IXDn* 1% -

25 /28



Vectorization

Finally, the problem becomes

min - J(X) = [IX = Y| + 7 [| DmX |7 + [IX D* 7] (12a)
st. 0<X;<1 Vi=1,...,m Vj=1,....n. (12b)

Also note that

VJ(X) = 2<X Y 4 (D DX + XanDn)) .

Example 4

Test denoising an image by solving (12) using the barrier method.

Examples 26 /28



That's it!

Key takeaways.
o The implementation, pros and cons, and differences between the penalty and barrier
methods.
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Thank you.
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