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Geometry of an optimization problem
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Subsection 1

Level sets
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Level sets

To understand the structure of an optimization problem, it is usually useful to start with the
level sets (contour lines) over the decision space X = R2.

Level sets are useful to understand the objective function as well as the equality constraints.

Let f : X — R be a function and let o € R.
o The level set (or contour) of f at the value « is the set

Le(a) ={x e X | f(x)=a}.
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Level sets

Example 1: Contours
Example 1: Surface Affine (plane): f(x,y)=2.5x+ 0 7y 0.3
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Level sets

Example 2: Contours
Bowl: fix,y) =x? + y?

Example 2: Surface
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Level sets

Example 3: Surface

Geometry of an optimization problem

fx,y)

Example 3: Contours

Saddle: fix,y)=x?—y?
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Subsection 2

Sublevel sets
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Sublevel sets

The sublevel sets are useful to visualize equality constraints.

Let f : X — R be a function and let o € R.
o The sublevel set of f at the value « is the set

Se(a) = {x e X | f(x) < a}.
One may easily observe that

a< B = S¢(a) C S¢(B).
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Sublevel sets

Example 1: Surface
Affine (plane): f(x,y)=2.5x+0.7y-0.3 Sublevel set: f(x,y) <=1 Sublevel set: f(x,y) <=4
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Sublevel sets

Example 2: Surface

Bowl: f(x,y)=x"2+y"2 3 Sublevel set: f(x,y) <=1 3 Sublevel set: f(x,y) <=4
24 PR
16
;\
14 .
19 14
12 Y
0
10
> 0 > 0
8
6
14 14
a
2
24 -
-3 T T T T T -3 T T T T T
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
x x

Geometry of an optimization problem 11 /31



Sublevel sets

Example 3: Surface

Saddle: f(x,y)=x"2-y"~2 3 Sublevel set: f(x,y) <=1 3 Sublevel set: f(x,y) <=4
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Subsection 3

Visualizing an optimization problem
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A toy example

X1 — X2
st. x1+x<l1
X1 — 2X2 =0

X1, %0 >0

One may observe from
this visualization that a
minimizer is x = (0, 0).
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1) Objective contours: f(x1,x2) = x1 - x2

2a) Inequality: X1 + x2 <=1

2b) Inequality: X1 >= 0, x2 >= 0
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Figure: The feasible region in “magenta”.
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Convexity
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Subsection 1

Convex sets and functions
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Convex sets

A set C C R" is convex if we have

(1—t)u+tve C foranyte[0,1] and any u,v € C.

Examples

A line segment is convex.

A hyperplane (a set defined by linear equalities) is convex.
A half space (a set defined by linear inequalities) is convex.
An intersection of convex sets is convex.

A polyhedron (an intersection of half spaces) is convex.

o

O O O O
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Convex functions

A function J: X C R" — R, defined on a convex set X, is
o convex if
for any u,v € X and any t € [0,1],

J((1 = t)u+tv) < (1— ) J(u) + tI(v),

o strictly convex if
forany u,v € X, u# v and any t € (0,1),

J((1=t)u+tv) < (1 —t)J(u) + tJ(v),

o strongly convex (with modulus a > 0) if
for any u,v € X and any t € [0,1],

J(1—t)u+tv) <(1—t)J(u)+tJ(v) — gt(l —t)|ju— v|?.

Fact
A strongly convex function is strictly convex, and a strictly convex function is convex.

Convexity 18 /31



Convex functions

Affine function: f(x,y) = x + 0.5y + 1 Quadratic (non-strongly convex): f(x, y) = x?
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Convex functions

Convexity

Theorem

Consider a function f : X C R" — R. Then

o fisconvex <= epif = {(x,A\) e R" xR | > f(x)} is a convex set,
o if f is convex, then its sublevel sets are convex.

Examples

o Affine and linear functions are convex.

A quadratic function f(x) = %XtQX + atx + ag is convex <= Q@ is PSD.

A quadratic function is strictly convex <= it is strongly convex <= @ is PD.

The function f(x1, %) = x1x2 is an example of a quadratic function that is not convex.
If fis convex and o > 0, then af is convex.

Any sum of convex functions is convex.

A maximum of convex functions* is again convex.

o

O O O O O

*f(x) =max{fi(x) | i=1,...,m}, where f;'s are convex.
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Subsection 2

Hessian characterizations
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|dentifying convexities

Convexity

It is not always easy to verify convexity of a function using its definition. When a function f
has a Hessian V2f everywhere, then we can use them to identify the convexity of f.

Theorem

If f:X CR" — R is a function whose Hessian V2f(x) exists at every x € X, then

o fis convex <= V?f(x)is PSD at every x € X.

o If V2f(X) is PD at every x € X, then f is strictly convex. (The converse is not true; see the next slide.)

o f is strongly convex <= there exists M > 0 in which the eigenvalues of V2f(x) are > M
at every x € X.
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|dentifying convexities

Convexity

One-dimensional examples

[¢]

A quadratic function f(x) = ax?+ bx + ¢, with a > 0 is strongly convex, since f”/(x) = a >0
for all x € R.

An exponential function f(x) = a* with a > 0 is strictly convex, but not strongly convex,
since f’(x) = [In(a)]?a* > 0 for all x € R but f’(x) — 0 as x — —oc.

The function f(x) = x* is strictly convex, but f”(0) = 0. This also confirms that f is not
strongly convex.

The function f : Rt — R, f(x) = —In(x) has a second derivative derivative f”(x) = % >0
at all x € X = R". This means f is strictly convex.
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|dentifying convexities

Convexity

Multi-dimensional examples

o The quadratic function f(x) = 2x*@x + a‘x + ap has a Hessian V?f(x) = Q at every x.
Therefore one may observe its convexity, strict convexity, strong convexity directly from the
eigenvalues of Q.

o The squared norm f(x) = ||x||> = x%Ix is strongly convex since V?f(x) = 2/ at every x.

o The function f(x) = ||Ax — b||? is convex since its Hessian is V2f(x) = 2A!A at every x.
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Classes of optimization problems
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Linear programs (LPs)

An optimization problem is identified as a linear program (or LP) if
o the objective function J is affine,

o the inequality constraint functions g;j's are affine,

o the equality constraint functions hy's are affine.

This reads
min  fixx+- -+ fxo+fh=Ffix+ 16
s.t. aj1x1+~--+aj,,x,,§bj Vi=1,...,r
CkiXk1 + -+ + CknXn = di Vk=1,...,¢.
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Quadratic programs (QPs)

An optimization problem is identified as a quadratic program (or QP) if
o the objective function J is quadratic,
o the inequality constraint functions g;j's are affine,
o the equality constraint functions hy's are affine.
This reads 1
min §Xth +fix+ £
s.t. 3j1X1+"'+aann§bj Vj:L...,r
Ck1Xk1 + *++ + CknXn = di Vk=1,...,¢0.
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Convex programs (CPs)

An optimization problem is identified as a convex program (or CP) if
o the objective function J is convex,

o the inequality constraint functions gj's are convex,

o the equality constraint functions hy's are affine.

Observation
o A linear program is a convex program.
o A quadratic program is a convex program if Q is PSD.
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Safe zones

In most part of mathematics, we draw a line between linear and nonlinear problems.
—— ——
easy difficult

In optimization, we draw a line between convex and nonconvex problems.
~—— —
easy difficult
Among the convex problems, the LPs and convex QPs are extremely tractable and they are
solvable with off-the-shelf solvers.
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That's it!

Key takeaways.

o Visualization of an optimization problem.

o Convexity of sets and functions.

o Classes of optimization problems (LPs, QPs, CPs).
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Thank you.
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