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Vector-matrix calculus
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Subsection 1

Vectors and matrices
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Vector notation
Consider the set R".

o Any vector x € R" is represented either by a tuple or a column vector, i.e.
X1
X= (X1, .., Xn) =

Xn

o A vector x € R" is interpreted either as a point or a direction in the space R".

o A vector x above is not the same as its transpose, which is
x=[a o x)

It is not uncommon to write (R")" as the set of these row vectors.
o We write

to denote the zero vector.
o The dimension of the zero vector 0 can be ambigiuous.
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Norms and distances

The norms and distances here are considered in the Euclidean sense.
o The norm of a vector x € R” is defined by

Il = /o 4 i = VX
o The distance between two vectors x, y € R" is defined by

d(x,y) = [|x =yl
=(a—y1)>+ -+ (X — yn)?

=V (x=y)(x—y).

We would like to note that both || - || : R” — R and d(-, %) : R” x R" — R are continuous
functions.
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Norms and distances

The following theorem concludes some useful properties of the norm and distance functions
defined previously.

Theorem

For any x,y,z € R" and X\ € R, the following holds.
Ix||=0 < x=0.

[Ax[| = [A[[|x]]-

l[x + yll < lIxII + Iyl

d(x,y)=0 < x=y.

d(x,y) = d(y,x).

d(x,z) < d(x,y) +d(y,2z).

O O O O O ©O
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Matrix notation

o Consider the set R™*" of m x n matrices.
o We also write 0,,x, or just 0 to denote the m x n matrix whose elements are all zero.
o We write I,x, or just | to denote the n x n identity matrix.

Let M € R"™" be a symmetric matrix.

o We say that M is positive semidefinite (or PSD) if all eigenvalues of M are > 0.
o We say that M is positive definite (or PD) if all eigenvalues of M are > 0.

o We say that M is negative semidefinite (or NSD) if all eigenvalues of M are < 0.
o We say that M is negative definite (or ND) if all eigenvalues of M are < 0.

o We say that M is indefinite if it has both positive and negative eigenvalues.

It is useful to note that M = A'A is always PSD.
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Subsection 2

Gradients and Hessians
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Gradients

Consider a function f : R” — R (a function of n real variables).
o The gradient of f at x° € R" is a vector in R" defined by

VF(x°) = (gxfl(xo),...,gx’:(xo)> - (fxl(xo),.-.,fxn(xo)).

o The gradient Vf is viewed as a function R” — R".

o A function f is said to be continuously differentiable if Vf exists and is a continuous
function.

o The vector V£(x?) is the direction at which f increases the fastest. This is called the
steepest ascent property.
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Differentials of vector functions

Consider a vector function F : R” — R™.
o We may regard it as a vector of scalar functions Fy,..., F, : R" — R for which

F(x) = (Fi(x),..., Fn(x)).
o We then define the differential of F at x® € R” as the Jacobian matrix as follows

(F)xu(x%) oo (F1)x(x%) VFl(XO)t
JF(x%) = : : | ..
Fada(X®) o (Fm)n(x9) V Fin(x°)

mxn

o For f : R" — R, we have

JF(x) = VF(x)".
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The chain rule

Theorem 1 (The chain rule.)
Let F:R" — R™ and G : R* — R". Then

J(Fo G)(x) = JF(G(x))JG(x)  (x € R¥)

provided that all the Jacobians exist.

Vector-matrix calculus 1/27



Hessians

o The Hessian of f at x° € R" is a n x n matrix defined by
fxmgxgi - fxlx"gxg;
fox (X cov Fox (X
V() = JVA) = | T T
f;(nxl (XO) st ﬁ(nxn (XO)

o The Hessian V2f is viewed as a function R” — R"*".

A function f is said to be twice continuously differentiable if V?f exists and is a
continuous function.

The Hessian V2f is the local curvature matrix. Along the direction d € R”, the curvature
of the graph of f at x° is measured by d*V?f(x°)d.

e}

o
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Subsection 3

Calculus of affine and quadratic functions
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Calculus of an affine function

An affine function is a function f : R" — R of the form

e}

f(x)=Ff(x1,...,Xy) = a0+ arxy + -+ + apx, = ap + a'x. (1)

e}

If ag = 0, that is

then we say that f is linear.

A linear function f always has the property that f(0) = 0.
An affine function is a translation of a linear function.

If f is an affine function defined in (1), then

o

e}

e}

Vf(x)=a and V?f(x)=0pxn-
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Calculus of an affine operator

An affine operator T : R” — R™ is defined as
T(x)=Mx+q,

for some fixed M € R™*" and g € R™.

One obtains that

JT(x)=A.
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Calculus of a quadratic function

o A quadratic function is a function f : R” — R of the form

ZZaux,xj—i—Zax,—i—ao fxth—ﬁ—atx—i—ao,

i=1 j=i

2311
2822

2apn
o This quadratic function has the following gradient and Hessian

Vf(x)=Qx+a and V?*f(x)=Q.

Vector-matrix calculus 16 /27



Calculus of a quadratic function

Consider a function f : R” — R defined by
f(x) = ||Ax — b|?,
where A € R™*" and b € R™. Then f could be expressed as

f(x) = ||Ax — b||?
= (Ax — b)"(Ax — b)
= x'AAx — 2(Ath) x + b'b.

This means f is actually a quadratic function, and we may derive that

VF(x) = 2A'"Ax — 2A'h and V?f(x) = 2A%A.
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Calculus of a quadratic function

Alternatively, the function f(x) = ||Ax — b||?> can be viewed as a composite function g o h,

where

g:R" >R gy)=yl>=y'ly

h:R" = R™ h(x)=Ax—b.

Here, the chain rule applies and one gets

Jg(y) = Ve(y) =2
Jh(x) = A
J(g o h)(x) = Jg(h(x))Jh(x) = 2(Ax — b)'A

= 2(Ax)'A—2btA
Vi(x) =V(goh)(x)

= (Hgom)'
=2AtAx — 2Ath.
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Section 2

The calculus of extreme value operators
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inf, sup, min, max

For A C R, define
f(A):{éeRMga (VaeA)}

%(A):{ueR|uza (VaeA)}.
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inf, sup, min, max
We define the following extreme value operators

o The infimum operator:
(=infA < [e € ,f(A)} A [w/ e L(A): (> 4 .
o The supremum operator:
u=supA < [ue%(A)} A {Vu’ eUA): u< u’] .
o The minimum operator:
(=minA = [(=infA|A[reA].
o The maximum operator:

U= maxA [u:supA}/\[ueA}.
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arg min and arg max

It is usually the case that we consider

min J(x) := min {J(x) | x € xfe“} or max J(x):= max {J(x) | x € f)Cfeas} ,

xeXfeas x € Xfeas

where we actually want to find the optimal decision x that is feasible and minimizes or
maximizes the objective value. Hence we are interested in the following solution set:

argmin J(x) : = argmin {J(x) | x € f)Cfeas}

xeXfeas

= {X € X | (%) = minJ(x)}

argmax J(x) : = arg max {J(x) | x € I)Cfeas}

x € Xfeas

_ {X € X | J(%) = max J(x)} .
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min and arg min

Minimum of /(x) on [a, b]

In the above figure, we have

min J(x) =« and argminJ(x)={x"}.
X 6 xfeas X E xfeas
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Extreme value operator calculus

Theorem

(a) minJ(x) = —max[—J(x)]

(b) maxJ(x) = —min[—J(x)]

(c) argmin J(x) = argmax[—J(x)] (argmin is obtained from arg max of negative objective.)
(d) argmax J(x) = argmin[—J(x)] (argmax is obtained from arg min of negative objective.)

Theorem

For A > 0 and 3 € R, we have the following.
(e) min[AJ(x)] = Amin J(x)

(f) min[J(x)+ ] = [minJ(x)] + 5

(g) argmin[AJ(x)] = arg min J(x) (The positive scaling does not affect arg min.)
(h) arg min[J(x) + B8] = argmin J(x) (Shifting up or down does not affect arg min.)
Theorem

(i) If J is non-negative, then

min[J(x)]? = [min J(x)]* and argmin[J(x)]? = arg min J(x).
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Community's choice

Since one could obtain max and max (and also arg max and arg min) from one another, we only
need to study one of them.

For more than half a decade, the optimization community has decided to study minimization.

(However, the economists’ community has decided otherwise to study maximization.)
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That's it!

Key concept takeaways.

Positive and negative (semi)definiteness
Gradients, Hessians, and Jacobians
Calculus of affine and quadratic functions
Calculus of extreme value operators

o

O O O
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Thank you.
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